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Abstract
This is a survey of a series of results about the class groups of algebraic number ﬁelds, with
particular emphasis on two articles of Chebotarev [Eine Verallgemeinerung des Minkowski’schen
Satzes mit Anwendung auf die Betrachtung der Körperidealklassen, Berichte der wissenschaftlichen
Forschungsinstitute in Odessa 1(4) (1924) 17–20; Zur Gruppentheorie des Klassenkörpers, J. Reine
Angew. Math. 161 (1929/30) 179–193; corrigendum, ibid. 164 (1931) 196] which seem to be almost
forgotten. Their relationship to earlier work on the one hand, and to selected subsequent contributions
on the other hand, is discussed. In this way, there emerges an interesting line of development, up to
the present day, of results due to Kummer, Hasse, Leopoldt, Iwasawa, and others. More recent work
treated here includes results by Cornell and Rosen (1981) and Lemmermeyer (2003) describing the
structure of the class group under quite general conditions.
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1. Introduction
For an algebraic number ﬁeld K, consider the free abelian group generated by the prime
ideals of its ring of integers. The subgroup generated by the principal ideals is of ﬁnite
index, and the ﬁnite factor group is called the (ideal) class group of K. Denote this group
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by ClK and its order, the class number of K, by hK . The study of hK and of the structure of
ClK has been one of the central tasks in algebraic number theory since around the time of
Gauss.
In the case of cyclotomic ﬁelds, this study was begun by Kummer who was the ﬁrst to
introduce the notion of ideal, or in fact “ideal number”, and who obtained both arithmetic,
analytic and numerical results about the class number and class group.
For a moment, let us specialize to the cyclotomic ﬁeldsKl=Q(l ) of lth roots of 1, where
l is an odd prime, and consider their class numbers hl = hKl . As usual, write hl = h+l h−l ,
where h+l is the class number of the ﬁeld K
+
l = Kl ∩ R. For the integer h−l , the relative
class number, there is a simple expression given by the analytic class number formula. To
write it down, recall that the residue class characters mod m, for anym1, are the functions
 : Z → C obtained from the characters of the group (Z/mZ)× by identifying the integers
a prime to m with their residue classes a + mZ and by letting (a) = 0 otherwise. Half of
the characters  are even, that is, satisfy the relation (−1) = 1, while the other half, the
odd characters, satisfy (−1) = −1.
The formula for h−l now reads
h−l = 2l
∏
(−1)=−1
(
− 12l
l−1∑
a=1
(a)a
)
, (1.1)
where  runs through the odd residue class characters mod l (see [22], Ch. 4 and proof
of Theorem 5.16). This formula makes it easy, at least in principle, to compute h−l . Such
computations were already done by Kummer, ﬁrst for l < 100 [11] and then up to l = 163
[13]. Kummer’s main interest here was to ﬁnd examples of irregular primes l, that is, primes
l dividing h−l .
Looking at those tables of h−l , one quickly observes an interesting phenomenon: the
prime factors p of h−l have a strong tendency to satisfy the congruence
p ≡ 1 (mod l − 1). (1.2)
To mention just a few examples,
h−43 = 211 = 1 + 5 × 42, h−67 = 67 × 12739 = (1 + 66)(1 + 193 × 66).
This observation is the starting point of the present survey.As aﬁrst question, one naturally
asks for an exact formulation and proof of the fact behind it.After that, it will be an exciting
problem to extend the result to other class numbers and to pursue its role in the study of the
structure of ClK .
A main motivation for the present work was a somewhat curious article [1] by Cheb-
otarev from 1924 which contains, under certain conditions, a proof of the congruence (1.2).
This article is quite difﬁcult to read, and so is also a second paper [2] on the same theme
Chebotarev wrote some years later. This is perhaps one reason that both articles seem to
be largely overlooked. In the following, these articles are put into a perspective by looking
what was known about (1.2) before their publication and how the research on this subject
has evolved thereafter. In particular, it will turn out that those results by Chebotarev are
today mainly of a historical interest.
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The latest articles to be discussed, by Cornell and Rosen [3] from 1981 and by Lem-
mermeyer [15] from 2003, describe the structure of the class group under quite general
conditions. In view of some previous work, their results are obtained by surprisingly simple
methods.
It should be noted that the notation below is often different from that in the original
articles.
2. Kummer’s decomposition
Before going into Chebotarev’s results, we will see that a solution to our ﬁrst question
in fact goes back to Kummer himself [13], although he did not state the result explicitly.
Kummer rewrote h−l as a product of rational integers,
h−l =
∏
d|(l−1)
(l−1)/d odd
td , (2.1)
where each td is the norm, possibly multiplied by 2 or l, of a number S =− 12l
∑l−1
a=1 (a)a
belonging to the ﬁeld Q(d). To be precise, the character  is so chosen that its order is d,
and we have
td = cdNm(S), (2.2)
whereNm denotes the absolute norm, cl−1=l, cd=2 for d a 2-power, and cd=1 otherwise.1
Suppose that p is a prime factor of td and does not divide d. LetP be a prime ideal above
p in Q(d). The decomposition law in cyclotomic ﬁelds (sometimes called the “class ﬁeld
property” of these ﬁelds) tells us that Nm(P)= pf , where f is the least exponent such that
pf ≡ 1 (mod d). Hence, on factoring the principal ideal generated by S into prime ideals
and on taking the norms we infer from (2.2) that the prime powers pk in the canonical
decomposition of td satisfy the congruence
pk ≡ 1 (mod d), (2.3)
unless p|d.
For example, h−101 = t100t20t4 with
t100 = 52 × 101 × 601 × 18701, t20 = 52, t4 = 5,
and h−151 = t150t50t30t10t6t2 with
t150 = 1207501 × 312885301, t50 = 25951, t30 = 112,
t10 = 281, t6 = 1, t2 = 7.
1 For the Fermat primes l= 22b + 1 there is just a unique d equal to l− 1, and cd has the exceptional value 2l.
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It is important that (2.1) also allows one to read off the minus class number h−l,d of the
subﬁeld Kl,d ⊆ Kl of degree d. Thus, the examples above show, for instance, that
h−101,20 = t20t4, h−151,50 = t50t10t2.
From the information given by these observations, we may extract the following result:
Theorem 2.1. Let ordp(h−l,d )= k and assume that the prime p does not divide d. If h−l,d ′ is
prime to p for every proper subﬁeld Kl,d ′ of Kl,d , then
pk ≡ 1 (mod d).
Corollary 2.2. For a prime p not dividing l−1, suppose that p divides h−l but p2 does not.
Suppose further that h−l,d is not divisible by p for d < l − 1. Then p ≡ 1 (mod l − 1).
The conditions of this corollary are certainly quite often satisﬁed when l is small, say
l163.
Decomposition (2.1) extends naturally to the cyclotomic ﬁelds Km = Q(m) of arbitrary
conductor m, as shown by Hasse in his monograph [8]. In Section 5, we will discuss the
corresponding extension of Theorem 2.1.
Although Kummer apparently never formulated anything like Theorem 2.1, it is clear
that he was aware of a result of this kind.
The ﬁrst time one meets in the literature an explicit result equivalent to Theorem 2.1
seems to be as late as 1977. Then Lehmer published a work [14] aiming at an extension
of Kummer’s calculation of h−l . His proof is quite different from that presented above.
He starts from a modiﬁed expression for h−l , obtained by writing
S = − 12l Fl(ul−1) (1u l − 2, u odd)
with Fl(X)=∑l−2j=0 rjXj , where rj denotes the least positive residue of the jth power of a
ﬁxed primitive root mod l. This modiﬁcation in fact appears already in some of Kummer’s
papers. Lehmer analyzes the expression by using cyclotomy and theory of polynomials. In
this way, he ﬁnds for h−l a decomposition equivalent to (2.1) and proves the congruence
(2.3) (see his Theorem 2).
3. Chebotarev’s congruence
The next natural question is whether there is a similar result for the plus factor of the
cyclotomic class number. This turns our attention to Chebotarev. His article [1] was prob-
ably the ﬁrst work shedding light on this problem. Chebotarev’s remarkable result may be
formulated as follows.
Theorem 3.1 (Chebotarev). Let K be a ﬁeld of degree nK contained in the cyclotomic ﬁeld
Q(lt )with t1 and let p be a prime factor of the class number hK .Assume that (i) the class
numbers of the proper subﬁelds of K are prime to p and (ii) the class group ClK contains a
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subgroup of index p which is invariant under the automorphisms of K/Q. Then
p ≡ 1 (mod nK).
It is noteworthy that the theorem does not presuppose thatpnK . Note also that a sufﬁcient
condition for the assumption (ii) to be satisﬁed is that the p-part of ClK is cyclic.
As an application, consider the ﬁeld K41 with h41 = h−41 = 112. Since 11 /≡ 1 (mod 40),
Theorem 3.1 shows that the class group of K41 is not cyclic. This observation is originally
due to Kummer [12] who used a different argument.
The paper ofChebotarev seems to be practically forgotten. It is brieﬂy reviewed (without a
quotation of the result above) in Jahrbuch (JFM 50.0109.02), but in the literature one hardly
ﬁnds any actual reference to it apart from Chebotarev’s own article [2] to be discussed in the
next section. The reason for this ignorance may be not only the remote series in which the
work appeared but also the text’s disturbing misprints and the author’s somewhat obscure
and not quite error-free style of writing. For example, from the two assumptions in the
theorem only (i) is stated explicitly while (ii) becomes clear only after reading the proof.2
On the positive side, the article surely was very modern at the time of its writing. It
combines class ﬁeld theory and group theory in an ingenious way.
Surprisingly, Chebotarev does not refer to the congruence (2.3), but probably he had
anyway looked at Kummer’s numerical tables and observed the frequent occurrence
of (1.2).
Here is a somewhat detailed description of the proof of Theorem 3.1.
In view of (ii), the Hilbert class ﬁeld of K contains an absolutely normal subﬁeld K0 of
degree p over K; let G0 =Gal(K0/Q). The prime l is fully ramiﬁed in K and its prime ideal
factor in K is principal, being therefore totally split in K0. Thus, there are p prime ideals in
K0 above l, sayL1, . . . ,Lp. Let KI denote the inertia ﬁeld in K0/Q for a ﬁxedL. Then
[K0 : KI ] = nK and [KI : Q] = p.
Consider the inertia group I = Gal(K0/KI ). Its conjugate groups in G0 are the inertia
groups forL (= 1, . . . , p), and one can show that their intersection is trivial. Otherwise,
the ﬁxed ﬁeld of this intersection would be a proper subﬁeld of K having class number
divisible by p, contrary to (i). In proving this, Chebotarev makes use of a result he calls a
“generalization of Minkowski’s theorem” (see the title of [1]). This result, nowadays well
known, says that the Galois group of a normal ﬁeld is generated by all the inertia groups.
The action ofG0 on the set of the cosets of I givesG0 a transitive permutation representa-
tion of degree [G0 : I ]=p. This representation is faithful (injective), since the intersection
of I with its conjugate groups is trivial. Moreover,G0 has Gal(K0/K) as a normal subgroup
and is therefore solvable. A classical result (e.g., [9], Satz 3.6) then tells us that G0 can be
embedded in the “full” linear permutation group
M = {x → ax + b | a, b ∈ Fp, a 
= 0}
of degree p. Hence #G0 divides #M , or pnK |p(p − 1), and the theorem follows.
2 InHasse’smathematical diary 1923–1934, there is an entry datedOctober 9, 1925which consists of a detailed
report of [1]. Hasse had apparently written this after having personally met with Chebotarev. – A publication of
the diary is being planned. (Communicated to me by Peter Roquette.)
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The group M is metacyclic and is called the “full metacyclic group” by Chebotarev.
As remarked in [1], Theorem 3.1 contains as a special case the famous result due to
Gauss: If K is a quadratic ﬁeld whose discriminant equals ±l, with l an odd prime, then
hK is odd. In fact, K is contained in Q(l ) and its nontrivial automorphism maps each ideal
class to its inverse class; hence the assumptions of the theorem are fulﬁlled and so the prime
factors of hK satisfy the congruence p ≡ 1 (mod 2).
4. Generalization to cyclic ﬁelds
Chebotarev continued his study of class number divisibility in a second paper [2] that
appeared in Crelle’s journal. It is interesting to note that in the meantime he had published
several articles in the area of algebraic number theory. One of them contains his famous
Density Theorem which he however had discovered as early as 1922.
The article [2] deals with a much more general situation than its predecessor. One of the
aims is to generalize the congruence of Theorem 3.1 to any cyclic ﬁeld. The methods used
are partly different. Let us ﬁrst quote a result in the following form.
Lemma 4.1. Let K/Q be normal of degree nK and let p be a prime dividing hK but not
dividing nK . Denote by K0 a subﬁeld of the p-part of the Hilbert class ﬁeld of K. Assume
that (i) the class numbers of the proper subﬁelds of K are prime to p, and (ii) K0 is normal
over Q. Then the automorphism group of Gal(K0/K) has order divisible by nK .
Put G0 = Gal(K0/Q), G = Gal(K/Q), H = Gal(K0/K).
By class ﬁeld theory, the group G acts on H by conjugation. The lemma follows once we
know that this action allows one to embed G in Aut(H). It is not hard to see that this happens
exactly whenCG0(H), the centralizer of H inG0, coincides with its subgroup H. The author
calls the (partial) class ﬁeld K0 – or the prime p corresponding to it – proper (eigentlich) if
this is the case. Otherwise, that is, when CG0(H) is strictly larger than H, he distinguishes
between three types of K0, called improper, central and genus class ﬁelds. A careful study
of these three types shows that in the case of an improper K0 there is some subﬁeld K ′K
with p|hK ′ while in the two remaining cases p divides nK . Since these possibilities are
excluded in the assumptions of the lemma, it follows that K0 must be proper and the lemma
is true.
Theorem 4.2 (Chebotarev). Let K/Q be cyclic of degree nK and let p be a prime dividing
the class number hK but not dividing nK . Assume that (i) the class numbers of the proper
subﬁelds of K are prime to p and (ii) the p-part of ClK is cyclic. Then
p ≡ 1 (mod nK).
Indeed, the assumption (ii) implies that we may in the lemma choose K0 equal to the
p-part of the Hilbert class ﬁeld of K. Since H is a cyclic p-group, say #H = pm, we have
Aut(H)  (Z/pmZ)× and so, in particular, #Aut(H) = (p − 1)pm−1. Hence, the lemma
yields, in view of pnK , that p − 1 ≡ 0 (mod nK).
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This proof in fact works under the more general condition that K is normal over Q.
However, the assumptions imply that G can anyway be embedded in the group Aut(H)
which is cyclic (since p must be > 2). Thus K will eventually be cyclic.
The lemma of course gives results also in the cases when the group H = Gal(K0/K) is
noncyclic. For example, if H is elementary abelian, m times a cyclic group of order p, then
we get the congruence
(pm − 1)(pm−1 − 1) · · · (p − 1) ≡ 0 (mod nK)
(provided the conditions (i), (ii) are satisﬁed).
The article also contains further results about the cases when K0 is a central or genus
class ﬁeld.
This work of Chebotarev was quite thoroughly reviewed byA. Scholz in Jahrbuch (JFM
55.0698.01). In Hasse’s Klassenkörperbericht, Part II [7], published at about the same time,
this article is mentioned in a footnote.3 It seems that the next and last reference to [2] (apart
from its inclusion in some exhaustive bibliographies) appears in an article by Iwasawa to
be discussed below in Section 7.
5. Hasse’s class number formula
As mentioned in Section 2, Kummer’s study of h−l was extended by Hasse to any cyclo-
tomic ﬁeld Km = Q(m). In fact, Hasse’s monograph [8] is a comprehensive treatment of
the class number of any abelian ﬁeld, that is, a ﬁeld contained in some Km.
Recall that theGalois group ofKm/Q is isomorphic to (Z/mZ)× through themap sending
the automorphism a : m → am to a + mZ (for every a prime to m).
For a ﬁxed abelian ﬁeld K ⊆ Km, let XK denote the character group of G= Gal(K/Q)
(shortly, character group of K). As usual, we regard the characters  ∈ XK as residue class
characters mod m by identifying (a) with (a|K). We take m minimal and denote it by
fK ; this is the so-called conductor of K. Moreover, we will always assume  primitive, that
is, view it as a residue class character modulo its conductor f. (Remember that f is the
minimal divisor of fK that can be chosen as the modulus of .) The values of  are elements
of the cyclotomic ﬁeld Kn = Q(n), where n denotes the order of .
For  ∈ Gal(Kn/Q), we write (a) = (a). The set XK has a basic partition into
classes
Fr= { |  ∈ Gal(Kn/Q)}
which Hasse calls Frobenius divisions. The sums  =∑  over these classes are the
rational irreducible characters of G (or K); denote by RK the set of these characters and call
 the components of . The common conductor f and order n of these components are
called the conductor and order of  and denoted f and n, respectively.
The map Fr → 〈〉 is a bijection from the family of Frobenius divisions onto the family
of cyclic subgroups of XK . This gives a bijection  → K from RK onto the family
3 The publication of [2] was preceded by a comprehensive correspondence between Hasse and Chebotarev.
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of cyclic subﬁelds of K; here K is the ﬁeld with character group 〈〉 (generated by any
component of ), thus with conductor f and degree n. In particular, the characters  of
all the cyclic subﬁelds of K make up the entire set of rational irreducible characters of K.
As an example, consider the cyclotomic ﬁeld K21. Its character group XK21 is generated
by ﬁxed generating characters 3 mod 3 and 7 mod 7. The ﬁeld has the following seven
cyclic subﬁelds 
= Q : the quadratic ﬁelds K3,Q(
√−7) and Q(√21) corresponding to the
rational irreducible characters
1 = 3, 2 = 37, 3 = 337,
respectively, the cubic ﬁeld K+7 corresponding to
4 = 27 + 47
and the sextic ﬁelds K7, K3K+7 and Q(
√
21)K+7 corresponding to
5 = 7 + 57, 6 = 327 + 347, 7 = 37 + 357,
respectively. Together with the trivial character, these characters 1, . . . ,7 comprise the
whole set RK21 .
Let X−K denote the subset of XK consisting of odd characters. Remember that X
−
K is
empty if, and only if, K is real. The property of  ∈ XK being even or odd is obviously
invariant in the classes Fr so that this notion is also well deﬁned in RK .
Assume that K is not real. Recalling the decomposition of hl we write hK = h+Kh−K in
this general case as well. For h−K the formula generalizing (1.1) reads
h−K = Qw
∏
∈X−K
(− 12B1()),
where Q = 1 or 2 (the unit index of K), w is the number of roots of 1 in K and B1() =
1
f
∑f
a=1 (a)a, a ﬁrst generalized Bernoulli number ([22], Theorem 4.17). Starting from
this formula, Hasse derives for h−K an expression corresponding to (2.1),
h−K = 2Q
∏
∈R−K
h− ,
whereR−K denotes the set of odd characters ∈ RK and the factors h− belong to 12Z. These
numbers h− are of the form
h− = cNm(− 12B1()),
where the factor c is either 1 or a prime, say p, dividing f, and  is any component of
. The Bernoulli number B1() is an element of the ring Z[n ], occasionally divided by
a prime factor, say , of f. Excluding the cases p = 2 and |2, we may say that the
prime p occurs as a value of c exactly when B1() has the denominator  dividing p,
so that taking the norm will cancel out these factors.
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It follows that the odd prime powers pk in the canonical decomposition of h− satisfy the
congruence pk ≡ 1 (mod n), unless p|n. Moreover, we may drop the word “odd”, since
the prime 2 anyway divides n.
From the discussion above, we ﬁnd that for each h− there is a cyclic subﬁeld K
′ of K
such that h− appears in the corresponding expression of the class number h
−
K ′ . In particular,
to determine h−K it sufﬁces to determine the minus class numbers of all the cyclic subﬁelds
of K.
After all this, we may state the following extension of Theorem 2.1.
Theorem 5.1. Let the ﬁeld K be cyclic of degree nK . Let ordp(h−K)= k and assume that p
does not divide nK . If h−K ′ is prime to p for every proper subﬁeld K ′ of K, then
pk ≡ 1 (mod nK).
One might of course replace the word “cyclic” by “abelian”, but in the noncyclic case
the assumption implies that k = 0 and so the result is trivial.
Hasse does not formulate Theorem 5.1 explicitly, but when preparing class number tables
for his monograph he has no doubt used this “norm property” as a check of the calculations;
see, e.g., a remark in [8], p. 105.
6. Leopoldt’s formula for the plus factor
We turn to the question of the plus factors h+K or, what is the same, of the class numbers
hK of real abelian ﬁelds K. For these ﬁelds there is no result in Kummer’s works that might
directly serve as a guide, but a solution is found as a consequence of a result by Leopoldt
in his fundamental work [16].
Leopoldt proves, for any real abelian ﬁeld K, a class number formula (Satz 21)
hK = cK
∏
∈RK
h,
where each h is a rational integer equal to the norm of an integral ideal in the ﬁeld Q(n).
The factor cK is a rational number which in its lowest terms contains no prime factors other
than those dividing the degree nK of K. From this, we get the following theorem (alluded
to in [16], p. 42) as a full analog of the preceding theorem.
Theorem 6.1. Let K be a real cyclic ﬁeld of degree nK . Let ordp(hK)= k and assume that
p does not divide nK . If hK ′ is prime to p for every proper subﬁeld K ′ of K, then
pk ≡ 1 (mod nK).
An explicit statement leading easily to this theorem is also contained in an article by Gras
and Gras [6].
Again, stating Theorem 6.1 for cyclic ﬁelds only does not mean any restriction. As a
matter of fact, by using the arguments of the preceding section one may show that, for every
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prime p not dividing the degree of K, the p-part of the class group ClK is a sum of the p-parts
of the class groups of the cyclic subﬁelds of K. This was ﬁrst proved by Nehrkorn [20].
For real abelian ﬁelds K, the class numbers are in general very hard to compute, since the
computation usually requires knowledge of the units of the ﬁeld. Larger tables of such class
numbers exist mainly for ﬁelds with small nK . In the case of a prime conductor l, the class
number hK = h+l has been computed for l67 and moreover, with a small uncertainty, for
l < 10000 ([21], see also [22], 2nd ed., pp. 420–423). Compared to h−l this class number
turns out to be essentially smaller, in many cases even equal to 1.
As examples illustrating the preceding theorem we mention, ﬁrstly, that the real ﬁeld
K ⊂ Q(1889) of degree nK = 16 has class number divisible by (and probably equal to) 72.
Secondly, the class number h+8017 is divisible by (and probably equal to) 3×3×7×19×109,
where the factors come from the class numbers of different subﬁelds as follows: 3 from the
quadratic, 19 from the cubic, 3 × 7 from the sextic and 109 from the twelve-degree ﬁeld.
7. Iwasawa’s rank theorem
At the beginning of the 1950s, there appeared important papers by Fröhlich on the class
number of abelian ﬁelds.We quote a result which is a corollary of a theorem concerning rela-
tively abelian extensions of prime power degree: If K is abelian of degree nK =qt , where q is
a prime, then its class number has the prime factorization hK =qa∏p 
=q pbp (a0, bp0)
with every pbp ≡ 1 (mod q) (see [4]). As is easily seen, this result also follows from The-
orems 5.1 and 6.1. Fröhlich’s proof, however, is different: he considers the class group as a
module over Gal(K/Q) and uses representation theory. This anticipates methods adopted
subsequently by many authors.
Of the works of these authors, the ﬁrst to be reviewed here is Iwasawa’s article [10]. In
its introductory paragraph there is a noteworthy reference to [2] saying that the author is
“following the group-theoretical method of Tschebotarew”.
To formulate the result which is interesting in the present context, let us denote by ClK(p)
the p-part of the class group ClK .
Theorem 7.1 (Iwasawa). LetK/F be normal, let p divide the class numberhK and assume
that p divides neither (i) the degree n of K/F nor (ii) the class number hF . Then
rank ClK(p) min
q|n fq(p),
where q runs through the prime factors of n and fq(p) denotes the order of p modulo q.
To describe the proof, let G = Gal(K/F) and M = ClK(p)/ClK(p)p. Then M is an
Fp[G]-module and rank ClK(p) = dimFp (M).
The proof consists of two steps. First, one shows (by arguments resembling those of
Chebotarev) that if the action of G on M is trivial then p divides hF . Indeed, let L be the
subﬁeld of theHilbert class ﬁeld ofK such that its Galois groupB=Gal(L/K) is isomorphic
to M. Then L is normal over F; let A=Gal(L/F). Since p is prime to n and G acts trivially
on B, the group A is split by B, that is, A=B ×C, where C  G. Let E be the ﬁxed ﬁeld of
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C in L/F . By looking at the inertia groups of the prime divisors of L it is easy to see that
E/F is unramiﬁed and thus contained in the Hilbert class ﬁeld of F. Since [E : F ] = #B=
a p-power > 1, the class number hF is divisible by p.
Since hF is assumed to be prime to p, we now know that G acts nontrivially on M. The
second step consists of showing that this result really implies the asserted lower bound for
dimFp (M).
This is done by a nice argument. Let  ∈ G be an element of minimal order such that
the action of  on M is nontrivial. Let H = 〈〉/〈q〉, where q is a prime dividing the order
of . Then #H = q and M is also an Fp[H ]-module with H acting nontrivially on M. Since
p 
= q, the algebra Fp[H ] is semisimple. Regarding it as a regular module, identify it with
the module⎧⎨
⎩
q−1∑
j=0
aj 
j
q | aj ∈ Fp
⎫⎬
⎭  Fp ⊕
g⊕
i=1
Z[q ]/Pi ,
where thePi are prime ideals deﬁned by pZ[q ]=P1 · · ·Pg . The summands on the right-
hand side are ﬁelds and so irreducible Fp[H ]-modules. It follows that M contains at least
one Z[q ]/Pi as a submodule. But this module is of dimension fq(p) over Fp, and thus we
are done.
Actually, Iwasawa states his theorem in a more general form where the ideal classes are
replaced by more general congruence classes deﬁned by means of the ray classes for some
ﬁxed modulus.
Sometimes it is useful to think of the class group of K as decomposed in the form ClK 
ClF × ClK/F , where ClK/F , the relative class group, is the kernel of the homomorphism
ClK → ClF induced by the norm map. Correspondingly, we may deﬁne the relative class
number hK/F =#ClK/F . (In the special case of an imaginary abelian ﬁeld K and its maximal
real subﬁeld F, one of course has hK/F = h−K .) When restricting to the p-parts we similarly
have ClK(p)  ClF (p) × ClK/F (p). In Theorem 7.1 we can in fact replace rank ClK(p)
by rank ClK/F (p), since ClF (p) is assumed trivial.
One should also record that a different proof forTheorem7.1was presented byYokoyama;
see [23], Satz 2.
Under the assumptions of Theorem 7.1 we conclude, in particular, that rank ClK(2) is
always > 1. Hence hK can never be “singly even”. One can even show that the same holds
true separately for the plus and minus factors of hK , if K is a cyclotomic ﬁeld whose
conductor is a power of a prime. These are examples of the many smooth corollaries of
Theorem 7.1 presented in [10].
On the other hand, in the particular case that ClK(p) is cyclic, Chebotarev’s Theorem
4.2 sometimes gives a stronger result than Theorem 7.1. Indeed, under the assumptions of
the former theorem we know that p ≡ 1 (mod nK), while Theorem 7.1 guarantees this
congruence just modulo an individual prime factor q of nK .
We concludewith a numerical application to the 2-part of the class group. ForK=Q(29),
it is known that hK = h−K = 8. Moreover, the subﬁeld F ⊂ K of absolute degree 4 has
hF = 1. Since [K : F ]= 7 and f7(2)= 3, it follows that ClK is of type C2 ×C2 ×C2. (The
ﬁrst proof for this fact is found in [12]. Gerth has shown how the result can be proved by
using the theory of genera; see [5].)
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8. Masley’s structure theorem
In a series of several articles, Masley considered the determination of the class number of
abelian ﬁelds. From our point of view, a result of particular interest was formulated in [18]
and proved in [19]. In the latter article the main goal is to determine hK for real cyclic ﬁelds
K of conductor fK100. Masley conjectured that hK = 1 for all these ﬁelds; he veriﬁed
this for fK70 and also for a majority of the remaining ﬁelds.
The result in question may be stated as follows. Write the canonical decomposition of
the abelian p-group ClK(p) in the form
ClK(p)  Ct1p × Ct2p2 × · · · × Ctrpr , (8.1)
where t(0) denotes the multiplicity of the cyclic group Cp . For = 1, . . . , r , deﬁne the
p-rank of ClK(p) by
rank ClK(p) = t + t+1 + · · · + tr .
So, in particular, rank1 = rank.
Theorem 8.1 (Masley). Let K/F be a cyclic extension. Let p divide the class number hK
and assume that p divides neither (i) the degree n of K/F nor (ii) the class number of any
ﬁeld K ′ with F ⊆ K ′K . Then rank ClK(p), for any 1, is divisible by fn(p), the order
of p modulo n.
Since t= rank− rank+1, the theorem implies that fn(p) divides every t as well. Thus
we have the following corollary.
Corollary 8.2. Under the assumptions of the theorem, let ordp(hK) = k. Then pk ≡ 1
(mod n).
Indeed, it follows from (8.1) that k =∑r=1 t.
Masley’s proof of Theorem 8.1 is similar to Iwasawa’s proof of Theorem 7.1, but more
complicated. First he shows that the action of G = Gal(K/F) on the set B\{1}, where
B = ClK/Clp

K , is one-to-one. This is done through ingenious constructions of subﬁelds of
the Hilbert class ﬁeld of K. The second step consists of a study of the set B partitioned into
orbits given by the G-action. By the ﬁrst part and the cyclicity of G, the size of every orbit

= {1} equals n, from which the assertion easily follows.
Wewill not go into further details, since the result canbeproved in anotherway, discovered
somewhat later. This will be discussed in the next section.
A result of the type of this Corollary was proved earlier by Yokoyama ([23], Satz 1).
More precisely, suppose that n is a power of a prime, say n=qt , and replace the assumption
(ii) in Theorem 8.1 by the weaker condition that p does not divide hF . Then the result
says that pk ≡ 1 (mod q). The proof has some similarity with Chebotarev’s proof of
Theorem 4.2.
If K is abelian, the result given in Corollary should be compared to Theorems 5.1
and 6.1.
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To present some examples for nonabelian ﬁelds K we cite class number computations
by Louboutin [17]. He studied dihedral CM-ﬁelds K as abelian extensions of degree l, a
prime, over imaginary biquadratic ﬁelds F. Assuming that l = 5 and F = Q(√−3,√−7)
(in which case hF = 1) he computed class number factors for such CM-ﬁelds K, showing
that hK is in one case divisible by 2692 and in another case by 54 and 192. Similarly, in the
case l = 7 and F = Q(√−3,√−19) (again with hF = 1), the class number hK turned out
to be divisible by 72 and 712.
9. Generalization by Cornell and Rosen
The following result about the structure of ClK(p) was proved by Cornell and Rosen [3].
Recall that fn(p) denotes the order of p modulo n.
Theorem 9.1 (Cornell–Rosen). Let K/F be normal, let p be a prime not dividing the
degree n = [K : F ], and let
ClK(p)  Ct1p × Ct2p2 × · · · × Ctrpr .
(1) If hF is prime to p and the Galois groupG=Gal(K/F) is solvable, then all thep-ranks
of ClK(p) and the exponents t are divisible by every fq(p), where q runs through the
prime factors of n.
(2) If hK ′ is prime to p for any ﬁeld K ′ with F ⊆ K ′K , then all the p-ranks of ClK(p)
and the exponents t are divisible by fn(p).
We see that part (2) coincides with Theorem 8.1 in the special case that K/F is cyclic.
In fact, practically everything in the preceding theorems follows from Theorem 9.1. The
only exception one might think of is the case of a Galois extension K/F such that the
assumptions (1) and (2) fail while Theorem 7.1 would provide a nontrivial lower bound for
rank ClK(p). I don’t know any example, however.
Most interestingly, the proof by Cornell and Rosen is classical in the sense that it does
not make use of class ﬁeld theory. One just considers ClK(p) as a G-module and applies
group theory.
To review the proof, suppose ﬁrst that the order of G is a power of a prime q. For
convenience of notation we write A = ClK(p) and regard A as an additive group. Let
N : A → A denote the mapping induced by the norm NK/F of ideals. Then NA= 0, since
ClF (p) is assumed trivial.
For = 1, . . . , r , let V = p−1A/pA. Then V is a vector space of dimension t + · · · +
tr = rank(A) over Fp. We may also regard V as a G-module and hence as a disjoint union
of orbits G. Assume ﬁrst that Gv = {v}. Then Nv = (#G)v and so (#G)v = 0, since N
annihilates V. But #G is nonzero in Fp; hence v = 0. It follows that #(Gv)> 1 for any
v 
= 0. On the other hand, #(Gv) divides the order of G, so that we obtain
prank(A) = #V ≡ 1 (mod q).
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Consequently, fq(p) divides rank(A). Since this is true for every , we ﬁnd that fq(p)
also divides the exponents t.
More generally, if G is any solvable group, we may choose a nontrivial normal subgroup
H of G and reduce the problem to H and G/H . Part (1) then follows by induction on the
order of G.
For part (2), we ﬁrst observe that N ′A = 0, where N ′ is induced by the norm NK/K ′ for
any intermediate ﬁeldK ′K . LetV be as above. ThenN ′ annihilatesV as well.Assume that
gv = v for some g ∈ G, g 
= 1. Choose K ′ so that Gal(K/K ′) = 〈g〉, the group generated
by g. Now N ′ annihilates v, and so we again ﬁnd that  = 0. Therefore, every orbit Gv
with v 
= 0 consists of n elements, and it follows that
prank(A) = #V ≡ 1 (mod n).
This settles the proof.
Corollary 9.2. Let pk be the exact power of p dividing hK . Under the assumptions of part
(2) of the theorem, we have pk ≡ 1 (mod n).
Again, this is immediate from the theorem and the formula k =∑ t.
It is interesting to note that one can also prove the corollary directly, without using the
structure statement of the theorem, simply by replacing V by ClK(p) in the above proof
(for part (2)). The proof also shows that one need assume that hK ′ is prime to p for those
intermediate ﬁelds K ′ only for which K/K ′ is cyclic. (For these two observations, I am
indebted to the referee.)
Part (2) of Theorem 9.1 in the case of cyclic K/F can be found in Washington’s book
[22] as Theorem 10.8, and the proof is essentially the same as above. An argument similar
to one in Sections 5 and 6 shows that if K/F is abelian but not cyclic, then the assumptions
in part (2) are never fulﬁlled (see also [3], Theorem 3).
10. Lemmermeyer’s sharpening in nonabelian case
Lemmermeyer [15] applied theory of group characters to show how Theorem 9.1 can be
improved when K/F is nonabelian.
Let Fˆp denote an algebraic closure of Fp. For the notion of relative class group, see
Section 7.
Theorem 10.1 (Lemmermeyer). Let K/F be normal and let p be a prime not dividing
n = [K : F ]. Assume that the relative class group ClK ′/F (p) is trivial for all normal
extensions K ′/F with K ′K . Then rank ClK(p) is divisible by d1d2, where d1 and d2 are
deﬁned as follows:
• d1 is a divisor of the degrees of all irreducible faithful (i.e., injective) Fˆp-representations
	 of G = Gal(K/F),
• d2 is the degree of the ﬁeld extension Fp() over Fp generated by the values of the
character  of any such 	.
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It is a simple result that the degree [Fp() : Fp] does not depend on the choice of 	.
In fact, one may think of the representations 	 as irreducible components of the lift to Fˆp
of some irreducible faithful Fp-representation. Then their characters  constitute a Galois
conjugacy class over Fp.
Note that d1=1when G is abelian. In the particular caseG  Cn, we have Fp()=Fp(n)
so that d2 = fn(p) and the result coincides with Masley’s Theorem 8.1 for = 1.
As remarked in [15], Theorem 10.1 can be extended to p-ranks with 1.
As an example of a noncommutative G consider the dihedral group of order 2n6. Then
we may take d1 = 2, and we have Fp()= Fp(n + −1n ); thus d2 is the minimal f > 0 such
that pf is congruent mod n to either −1 or +1. This improves upon the result obtained from
part (2) of Theorem 9.1.
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